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We illustrate the results obtained with the first experimental demonstration of a noise diagnostics technique
based on repeated quantum measurements. We establish the ability of a single photon, undergoing random
polarisation noise, to estimate non-Markovian temporal correlations within such a noise by means of frequent,
(partially-)selective polarization measurements. We show how a noise characterized by positive (negative) tem-
poral correlations corresponds to our single photon undergoing a dynamical regime enabled by the quantum
Zeno (anti-Zeno) effect. This can be regarded as the first step towards a novel kind of noise spectroscopy based
on quantum (anti-)Zeno effect in single-photon state probing, able to extract information on the noise while pro-
tecting the probe state, a conceptual paradigm shift with respect to traditional interferometric noise spectroscopy
techniques.

Introduction. Quantum control [1, 2] is a fundamental tool for developing highly accurate quantum technologies. In particular,
the quantum Zeno (QZE) [3—8] and anti-Zeno (AZE) [7-11] effects, respectively denoting the slowdown and speedup of quantum
system evolution by its frequent interruptions [12—-20], have been recognised (beyond their fundamental significance) as general
paradigms of quantum control [21-26]. Indeed, they allow either protecting [27-29] or steering [30, 31] the quantum state
of a system via an interplay between the effects of frequent operations (system control) and the coupling of the system to its
environment (a bath) [22, 32-35].

These paradigms generality is revealed by the Kofman-Kurizki (KK) universal formula, whereby the overlap of the system-
bath coupling spectrum with the system-control spectrum determines the initial-state population decay (relaxation) rate ()
[9, 22, 33, 34]

~(t) =2m /OO dw G(w) Fy(w), (1)
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G (w) being the system-bath coupling spectrum (bath response) and F;(w) the system-control spectrum evaluated within the time
interval [0,¢]. According to Eq. (1), the QZE (AZE) corresponds to the suppression (enhancement) of the bath-induced decay
~(t) by the reduction (increase) of the overlap between the chosen F}(w) and the bath response G(w) [9, 22] (see Supplemental
Material for details). This means that the time-variation of the system control must be much faster than (for QZE) or as fast as
(for AZE) the bath correlation time, with the result that both effects are distinctly non-Markovian. Overall, the only condition on
Eq. (1) validity is the weakness of the system-bath coupling, allowing for a perturbative treatment of the bath effects. The KK
formula has been confirmed in scenarios involving frequent perturbations of open-system evolution, e.g., cold atoms dynamics in
optical lattices [12, 22], light propagation in waveguides and cavities [5, 36], AZE-cooling and QZE-heating of qubits coupled to
a bath [37, 38]. Moreover, Eq. (1) can be used for designing optimal protection of multi-qubit quantum information processing
[39].

In this paper, we study both theoretically and experimentally an alternative purpose of the KK formula, i.e., the diagnostics
(characterization) of random processes, alias noise spectroscopy [40]. One may infer the bath-response spectrum G(w) upon
varying the control spectrum F}(w) and recording the resulting decoherence rate, as experimentally confirmed in [41]. This,
however, is a time-consuming process. Alternatively, key information on G(w), e.g. its width (the inverse memory time), may
be gathered by appropriate dynamical control of the system probing the bath [40]. This represents an innovative and powerful
tool that we introduce to expand quantum sensing technology. Although the QZE has been previously used for assisting noise
sensing [42, 43], here we demonstrate its ability to extract information on noise processes, a direction not yet investigated and



highly relevant to quantum technologies. More specifically, we demonstrate, for the first time, noise diagnostics by repeated
quantum measurements, establishing the ability of a single photon undergoing random polarisation fluctuations to diagnose
non-Markovian temporal correlations within this noise. Such a technique becomes crucial especially when extremely faint
illumination levels are required, a regime in which traditional methods (e.g., the interferometric ones [44]) are usually ineffec-
tive. To do this, we realize the single-photon reservoir spectrum and spectral broadening control proposed in Ref. [32]. In the
frequency domain, (non-)Markovian noise correlations correspond, respectively, to (colored) white noise spectra. We show that
the noise temporal correlations are diagnosed when the photon undergoes frequent polarisation measurements, demonstrating
that positive (negative) correlations give rise to QZE (AZE). This paves the way to a new generation of QZE/AZE-based noise
spectroscopy protocols in photon (or other single particle) state probing.

Theoretical model. Consider an iterative procedure in which a single photon, initialised in the horizontally-polarised state
|H), passes through a sequence of N blocks at time instants ¢1,...,¢xy. In the k-th block (Fig. 1, & = 1, ..., N), the photon

U(Agr) -7 ~< 1

FIG. 1. Scheme of the k-th element in a sequence of N blocks determining the quantum state evolution of a photon passing through them.
First, the polarisation state of the photon undergoes a random rotation U (A¢y ). Then, the unitary rotation U (—ax ), followed by the projection
|H) (H| and by a proper counter-rotation U (8y), for suitably chosen au, Bi (see Supplemental Material for details) reproduces the effect of
the selective measurement II in Eq. (3) at the k-th time instant .

polarisation is rotated by the operator U (Ad¢y), representing a random polarisation rotation in the -z plane of the Bloch sphere
(i.e. a 6, Pauli-matrix rotation around the y-axis):

U(Ady) = e "0vA% = [ cos Apy — i6, sin Agy,, )

being I the two-dimensional identity matrix. By passing through the N blocks, the horizontal (| H)) and vertical (|V')) polarisa-
tion states evolve as the degenerate states of a two-level system coupled by intermittent polarisation rotations. These rotations
are interspersed by an equivalent number of selective measurements, i.e., in each block the photon undergoes a measurement
corresponding to partial or complete absorption of the vertical polarisation component (or, equivalently, to partial projection
onto the | H) state):

L= [H) (H|+0[V) (V] =0l +(1—0)|H) (H], ©)

being 6 € [0, 1] the parameter determining the measurement selective strength. Such a dynamics can be reproduced with an iter-
ative procedure exploiting, in each block, a k-dependent polarisation rotation U (—ay,) (k = 1, .., N), followed by the projection
|H) (H| and a second (k-dependent) polarisation rotation U (). Here, U (—ay,) determines the measurement selective strength
on the state entering the k-th block, and U (3y,) fixes the polarisation of the outgoing photon. By properly choosing the {cy, } and
{Br} coefficients (see Supplemental Material for details), one can recreate the dynamics induced on the photon polarisation by
a sequence of N blocks, each performing a random polarisation rotation U (A¢y) followed by the partially-selective projector
II'in Eq. (3). Incidentally, this procedure is equivalent, in terms of dynamics, to the scheme proposed in Ref. [32].

The k-th block output is the (unnormalized) state |¢(t)) = (Hle[HU(Aqbl)]) |H). Since the sequence A¢y, ..., A¢y is

random, because of the external noise process, we are interested in the horizontal polarisation survival probability averaged over
all possible random sequences:

Py (tx) = [(H|v(tr)) |2, “4)



where the overline denotes the averaging operation.
Consider the case in which polarisation rotation jumps with identical magnitude occur, i.e., |A¢x| = Ap Vk =1,..., N. We
introduce the parameter C describing the degree of correlation between consecutive jumps, defined as

Adpy =pA¢' — (1 —p)AY =CAY, S

where A¢ 5 ¢ 18 the average polarisation rotation jump at the end of the k-th block (provided the previous jump was A¢’) and p
denotes the correlation probability between subsequent jumps. Thus, jumps are correlated for C > 0 (p > 0.5), anti-correlated
for C < 0 (p < 0.5), and uncorrelated for C = 0 (p = 0.5). Although a universal closed-form solution for the average survival
probability in Eq. (4) is not available, an analytical description of all the cases of interest will follow.

Non-random evolution. In the maximally-correlated case C = 1, the time dependence of the survival probability Py () is the
same as for the non-random evolution with identical jumps A¢ or (—A¢) in each block. In particular, V6 the probability of
observing a horizontally-polarised photon becomes [32]:

Bols) [AE (cos Ag — M) + A5 (A4 — cos Ag))?
i (be) = (14 6)2cos? Agp — 40 ’

(6)

where Ay = 1 {(1 +0)cos Ag £ /(1 + )% cos2 Agp — 49]. In the absence of measurements (§ = 1), one gets Py (tx) =

cos?(kAg), analogous to Rabi oscillations of the horizontal polarisation probability as a function of the number of blocks (k)
traversed by the photon. The opposite limit, § = 0 ,corresponds to the selective (projective) measurement case, since each
time a photon passes through one of the blocks in Fig. 1 its polarisation state is projected onto the horizontal one. Here we
have Py (t) = cos®*(Ag), insensitive to jump sign fluctuations and hence identical for random and non-random evolution,
becoming Py (tz) = e~*(24)* for small rotation angles (A¢ < 1). This decay is slower than the period of uninterrupted Rabi
oscillations, implying that QZE occurs. Next, consider non-random evolution with 0 < 6 < 1, corresponding to partially-

selective measurements [45]. For small rotation angles and sufficient selective strength (A¢ < 1 — 6), Eq. (6) reduces to the

(Ag)? 1-61
T2 146 7

the photon flight time between consecutive blocks). The quantity v is the (effective) measurement rate, i.e., the reciprocal time
during which state selection occurs, scaling as 1/7 and decreasing as 6 increases. The decay rate diminishes with v, highlighting
the QZE.

Random evolution. Now, consider the case of random noisy modulation of the polarisation rotation U (A¢) for (anti-)correlated
noise (—1 < C < 1). In our case of interest, i.e., A¢ < 1, one has (V6) [32]

exponential decay PH(tk) = exp {— tk}, with v = and the N blocks assumed to be equidistant (¢ = k7, being 7

_ T
Py (ty,) = e~ (rFTo)ts <cosh(Stk) + go sinh(Stk)> , (7

where S = /42 + 12, ~v = % AT& is the polarisation decay rate, and I'g = — % denotes the time-averaged rate of photons
absorbed by the polarisers (see Supplemental Material for details).

In the absence of measurement (6 = 1), Eq. (7) yields

_ 1+ e~ 270tk
Put) = —5—  (0=lo1) - ®)
Thus, random polarisation fluctuations lead to complete unpolarisation, i.e., Py (t) — 1/2 for t — oo.

For weakly-selective measurements (6 — 1), in the limit I'y < v Eq. (7) becomes

Py (ty) = e, €))

showing an exponential decay over time of the horizontal polarisation probability.
Finally, in the projective measurement scenario (§ — 0), Py (t;) evolves following Eq. (9), with v — A¢? /7.

Experimental results. In our setup (Fig. 2), heralded single photons at 702 nm are generated by type-I parametric down-
conversion, collected by a single-mode optical fibre and collimated in a Gaussian beam (2 mm width) over a 2m-long path.
Each heralded photon, initialised in the horizontal polarisation state | H ), traverses N = 7 stages composed of a half-wave plate
(HWP) and a polariser, reproducing the dynamics of a sequence of N = 7 blocks in Fig. 1. In the k-th stage, the HWP is
responsible for the combined effect of the global rotation U (v, )U (A¢y )U (Br—1). The polariser, instead, realises the projector
|H)(H|. Each stage induces a random polarisation rotation jump £A¢ (selected by a random number generator, with A¢ = 4°)
and realises the (partially) selective measurement II in Eq. (3). Each jump is set to be equal (correlated) to the one in the previous



Coincidece Module

LilO, Crystal

single step

State preparation

HWP Polariser

FIG. 2. Heralded single photons at 702 nm are fibre-coupled and then collimated in a Gaussian beam. After being prepared in the |H) state by
a polariser, each photon passes through a series of N = 7 polarization rotation/measurement stages. When Zeno measurements occur, each
stage hosts a half-wave plate (HWP) and a polarizer, while in the absence of measurements only a HWP is present (after the N-th stage, a
polarizer performs the final projection |H)(H]|). An interference filter (IF, 3 nm FWHM) removes environmental light, then the photons are
fibre-coupled and detected by a silicon single-photon avalanche diode (SPAD).

block with probability p = C—'2H At the end of the sequence, only horizontally-polarised photons are detected. We have three
possible handles on the photon detection probability: (i) the parameter 6, determining the selective strength of the measurement
ITin Eq. (3); (ii) the correlation coefficient C; (iii) the polarization jump amplitude A¢. In the experiment we have investigated
three cases, C = —0.6, 0 and 0.4, whilst varying 6 and keeping A¢ = 4°. For each C value, we have measured the single-photon
detection probabilities and standard deviations (uncertainties) of 100 random sequences of N = 7 jumps. Fig. 3 presents the
behavior of the photon detection probability with time (i.e., with respect to t;) in two different regimes: § = 0, corresponding to
a projective measurement, and § = 1, i.e. in the absence of measurement (the measurement strength decreases as 6 increases).
Fig. 4, instead, shows the results obtained for an intermediate selective strength 0 < 6 < 1, i.e. from the projective measurement
limit to the weakly-selective measurement one. In the case Markovian case C = 0, the measured probability is independent of
6. The novel, hitherto unobserved result is that for C > 0 (C < 0) the QZE (AZE) is revealed, meaning slowdown (speedup) of
the decay compared to the uncorrelated case. By varying €, one can promote or suppress both effects [32, 46, 47]. In both Figs.
3 and 4, the obtained results (dots) are in good agreement, within the experimental uncertainties, with the theoretical predictions
(lines).

Finally, for each noise (anti-)correlation regime investigated we tried to estimate the correlation parameter C by comparing the
Py value at the end of our process (i.e., at the time instant ¢7) with and without Zeno measurements (Pﬁf =9 and 151(19 =1)’ respec-
tively). By interpolating the results of numerical simulations based on Eq. (4) we can extract the behavior of C with respect to the
differential average probability APy = PY=" — P=Y reported as a blue line in Fig. 5. From the experimental APy values
and uncertainties (orange dashed and solid lines, respectively) obtained for each C theoretical value (highlighted by the black
dots on the Y axis), we can estimate the corresponding experimental value C(°*?), indicated by a green dashed line. For each
regime investigated, the green solid lines delimit the confidence interval Zc on C(¢*P), obtained propagating the experimental
uncertainty on APy and reported in the inset table together with C(¢*P) and the theoretical prediction C(*").
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FIG. 3. QZE (AZE) effect as a signature of (anti-)correlated noise. Panel (a): theoretical average probability Px (tx) to detect a horizontally-
polarised single photon for (anti-)correlated consecutive jumps of magnitude A¢ = 4°, as a function of ¢, and the noise correlation parameter
C, in presence (8 = 0, blue surface) and absence (¢ = 1, orange surface) of measurement. The green planes indicate the C values considered in
our experiment, whose results are shown in panels (b)-(d).There, the experimental data are shown for both 6 = 1 (no measurement, in orange)
and 6 = 0 (projective measurement, in blue), with the statistical uncertainties evaluated as the standard deviation of 100 different realisations.
The solid curves show the theoretical predictions, given by Egs. (8) and (9), respectively. The dashed orange lines show, instead, Py (t)
numerical estimations for = 1, as per Eq. (4), obtained by averaging over 100 simulated random sequences of +A¢ jumps. The inset plots
(red boxes) show the detail of the experimentally-investigated region ¢ € [0, 7].

All the estimated values are in good agreement with their theoretical counterparts, certifying the reliability and robustness of our
single-photon technique for quantum noise correlations estimation.

Up to now, we limited our considerations to linear polarization rotations (of fixed magnitude) around a fixed axis. Nonetheless,
our method can be extended to very general classes of noise. For this purpose, we performed numerical simulations considering
a generic unitary polarization noise model, i.e. a polarization jump with random amplitude along a generic, randomly chosen
axis of the Bloch sphere. The results of this systematic study, shown in detail in the Supplemental Material, demonstrate that the
same behavior as in our proof-of-principle experiment can be observed also in this case, indicating that a quantitative estimation
of the correlation parameter C might be possible. Anyway, the precise experimental implementation of our technique in this
scenario is demanded to further studies, as well as the investigation of methods for increasing the number of steps realized,
eventually following the line of Ref. [48].

Conclusions. We have experimentally investigated the loss of polarisation coherence of a single photon undergoing stochastic
polarisation noise (polarisation rotation jumps) and, concurrently, frequent (weak or strong) selective quantum measurements,
demonstrating that the polarisation decay rate depends on non-Markovian correlations within the noise. More specifically, the
key feature is that correlated jumps give rise to decay-rate slowdown (QZE), while anti-correlated ones to its speedup (AZE),
fully complying with the KK universal formula for the decay-rate dependence on the overlap between the noise and frequent-
measurement spectra [9, 22, 34]. This demonstration enables the use of photons and other particles as hitherto unexplored probes
of noise correlations. As shown above, a limited number (here, 100) of single-photon polarisation coherence loss events in a
noisy medium probed by a few (here, N = 7) selective measurements can reveal unequivocally the noise correlation charac-
teristics. Characterizing noise, especially in non-Markovian processes [49-51], is a very important tool for several quantum
technologies. To this end, the present scheme may be modified by inserting a fluctuating birefringent medium between con-
secutive measurements [28], thereby allowing the sensing [40] of the polarisation noise spectrum associated with a propagating
photon.

Among the envisaged applications of the proposed noise sensing method we may contemplate, e.g., the probing of magnetic
field fluctuations, that can be translated into photon polarization fluctuations through the Faraday effect [52—55]. Single-photon
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FIG. 4. Average probability P (t7) to detect a horizontally-polarised single photon at the end of our protocol, as a function of the selective
strength 6 of the measurement II in Eq. (3), for the three C values chosen for our experiment. The lines represent the theoretical predictions
given by Eq. (7) for 7 = 1 and k = 7, while the dots show the measured P (t7) for different 6 values. Experimental uncertainties are
evaluated as the standard deviation of the 100 different realisations results.
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FIG. 5. Estimation of the noise correlation parameter C from the differential average probability APy = PY= — P?=Y being PY=" and

pg = the average probabilities of detecting a horizontally-polarised photon at the end of our protocol with or without Zeno measurements,
respectively. The blue line shows the dependence of C on A Py, obtained from numerical simulations based on Eq. (4). The orange dashed
(solid) lines represent the experimental A Py values (uncertainties) for each regime investigated (C = —0.6, C = 0 and C = 0.4, indicated
by the black dots on the Y axis). The green dashed and solid lines indicate instead, respectively, the corresponding C values and associated
1o confidence intervals (being ¢ the uncertainty on the measured A Pgr). The inset table shows the extracted C (=P values, together with the
associated confidence intervals Zc (obtained by propagating the uncertainties on A Pgr), compared with their theoretical counterpart C (th),

probing of such fluctuations may be used to explore vacuum magnetic birefringence [56], parity violation in atoms [57] and
weak-magnetic-noise calibration [58]. Further applications conceive disordered media [59] and physiological processes sensing,
like polarisation microscopy of birefringent cholesterol crystals in human biological (synovial, pleural and pericardial) fluids



to diagnose rheumatoid diseases [60—62] and atherosclerosis [63]. Finally, a relevant role in protein biosynthesis is played by
chirality, allowing for polarisation-based biophysical techniques for protein structure characterisation [64, 65]; combining them
with our sensing technique we could open new possibilities to study biopolymer synthesis and evolution, investigating eventual
correlations among morphological structures occurring during biochemical processes.

To conclude, we have established the possibility of probing correlations in random fluctuations of photon polarisation by
QZE/AZE observation in the polarisation evolution. Our sensing procedure, differently from interferometric measurements
[44], works even at extremely low illumination levels, allowing its application to highly photosensitive materials and molecules,
when (almost) no photon has to be absorbed by the sample. This paves the way to a whole new kind of quantum sensing
techniques, able to extract information on the noise affecting a quantum channel while preserving the probe quantum state.

DYNAMICAL EVOLUTION OF THE PHOTON POLARISATION

Let us analyse in more detail the effects of having noisy modulation of the polarisation rotator. In the case of random evolution
(=1 < C < 1), for sufficiently small angles A¢, a master equation (ME) can be derived for the evolution of the polarisation
probabilities averaged over the realisations of the random process and smoothed over the evolution time [32]. This ME yields
the following rate equations for the average probabilities of the two orthogonal polarisations:

Py = =Py + Py,
Py =Py — (v +2T) Py. (10)

Here, 2I'j is the time-averaged photon absorption rate, with

Iy=—Inb/7, (11
and ~y denotes the polarisation decay rate:
1+CO A¢?
= i 12
T co r (12)

The solution of Eqgs. (10) for the horizontal component of the photon polarisation is:

Py (t) = e~ (+T0)? (cosh(St) + % Sinh(St)) ) (13)

where S = /2 4+ I'Z. This solution describes the polarisation at the discrete time instants ¢;. The validity condition for Egs.
(10)-(13) is v < v, or [32]

((Agr)?) < (1-C)(1—Ch), (14)

i.e., the polarisation rotation jumps distribution variance should be sufficiently small, and C should not be too close to 1.

POLARISATION DECAY RATE UNDER RANDOM EVOLUTION AND MEASUREMENTS

The polarisation decay rate obeys the universal KK formula [9, 22, 34], but applied to the discrete-time evolution case identi-
fied by the finite integration limits 4+ /7, i.e.:

7T/'T
v = 271'/ dw G(w)F(w). (15)
—7/T
Here
2 2
G(w) Ad 1-C (16)

T o1 +C?% — 2C coswT

is the spectral density associated with the rotation-angle fluctuations (also called “bath” or “reservoir” spectrum), whereas the
measurement control spectrum

T 1 — 62
T 2r 1462 —20coswT

F(w) (17)
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FIG. 6. Plot (a): spectral density G(w) of the rotation-angle fluctuations for A¢ = 4° and 7 = 0.05, as a function of w and C, for a time-
discrete dynamical evolution of the photon polarisation (see Eq. (16)). The maximally correlated (C = 1), white (C = 0) and anticorrelated
(C = —1) noise regions are highlighted in blue, magenta and red, respectively. Plot (b): detail of the three noise spectral regions highlighted
in plot (a), as a function of the noise frequency w. Plot (c): measurement control spectrum F'(w) for A¢ = 4° and 7 = 0.05, as a function of
w and 0, again in the time-discrete evolution case (see Eq. (17)).

strictly depends on the transmittance parameter 6.

Once again, it is worth noting that, in our setup (Fig. 2), the frequency domain for G(w) and F'(w) is restricted to the interval
(—m/T,m/T), since the time evolution is discrete. Fig. 6a shows the behavior of G(w) as a function of w and the correlation
coefficient C, with Fig. 6b illustrating in detail the maximally correlated (in blue), anticorrelated (in red) and white noise (in
magenta) cases, while Fig. 6¢ shows the dependence of F'(w) on w and the measurement selective strength 6. In the figure, both
G(w) and F(w) have been plotted for A¢ = 4°, as in our experimental implementation, and 7 = 0.05).



For highly correlated jumps (C =~ 1) we find that

_A¢* Ty
Gw) = a2 T3 + o2’ (18)
i.e. G(w) can be approximated by a narrow Lorentzian of width I's = (1 — C)/7. In Fig. 6a one can observe how, for partly
correlated random polarisation rotation jumps (0 < C < 1), the peak shown by G(w) at w = 0 decreases with C, becoming also
broader in the process.

For projective measurements ( = 0), F'(w) acquires the constant value 7/(27), whereas for § # 0 F(w) shows a peaked
distribution centered at w = 0, with a characteristic width » = [27rF(0)]~!. This indicates that the presence of projective
measurements causes a reduction of the y value, which is a signature of the QZE. However, the QZE signature disappears in the
uncorrelated case C = 0, which corresponds to a flat spectral density G(w) = A¢?/(277).

For highly anticorrelated jumps (C =~ —1), instead, the bath spectrum G (w) is a sum of two shifted narrow Lorentzians of width
I'; = (1+C)/7, centered in w = % /7, such that:

2 /
Gy~ 3 22 I's (19)

k=+1 mr? T2 4 (/7 + kw)?

In general G(w) is peaked at w = =+ /7 for anticorrelated consecutive polarisation-angle jumps (—1 < C < 0), see Fig. 6a.
Such anti-correlated polarisation rotation jumps correspond to the AZE trend, whereby  increases with the measurement rate
v, as opposed to the QZE trend that is observed for correlated jumps.

DETAILED DESCRIPTION OF THE ITERATIVE PROCEDURE IN THE EXPERIMENTAL IMPLEMENTATION

Consider an iterative procedure in which a single photon, initialised in the horizontally-polarised state |H ), passes through
a sequence of N blocks at time instants ¢1,...,¢y. Without losing generality, let us choose as initial state |¢4,) = |H). In
our experimental scheme, at the beginning of the k-th block, the state undergoes two polarisation rotations before the polariser
(see Fig. 1). The first one is a (random) polarisation jump U (A¢y,), while the second one is a counter-rotation U (—cvy,) that,
combined with the subsequent projection |H){H|, simulates the effect of the §-dependent photon absorption induced by the
(partially-)selective measurement

I=|H)H|+0|V)(V|=0I+(1-0)|H)(H|, (20)

with 6 € [0, 1], at the k-th time instant ¢;. At the end of the block, the projected single-photon state undergoes the rotation
U(Bk), in order to match the polarisation state entering the (k + 1)-th block of our iterative protocol, i.e. the one obtained
after & combined implementations of polarisation jump U (A¢y,) and measurement I1. By properly choosing the {ay, } and {3y }
sets, it is possible to recreate the dynamics induced on the single photon by a sequence of N blocks each performing a random
polarisation rotation U (A¢) followed by the partially-selective projector IT in Eq. (20). To do this, let us remind the reader that,

at the k-th iteration, the survival probability P8 of the entering polarisation state |1y, ) = cosy |H) + sin~y, [V) is:

k—1
PE =] Peaw(n) @21)

n=1

where Py, (n) is the probability that the initial state survives after the n-th step. Then, the state |¢);, ) undergoes a phase shift
U(A¢y,) and the measurement I1, leading to the non-normalised state:

U (A¢k) [1hy,) = cos(yr + Agi) [H) + Osin(yx + Ady) [V) (22)
with corresponding survival probability
P (k) = cos? (v + Ady) + 6?2 sin? (v + Ady) . (23)
Therefore, the entering polarisation state at the (k + 1)-th iteration is:

ress) = cos(vk + Agy) |H>P+ H(Zi;l(w + A V) (24)
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In the proposed scheme (Fig. 1), by defining d;, = v + A¢r — ai, the evolution of the polarisation state after the PBS and the
rotation U () can be summarised as:

U(—a)U(Age) ) 222 cos b, [H) T2,

M cos 0y, (cos By |H) + sin By |V)) (25)

where [} is the polarisation angle of ’wtk - >, i.e. the state entering the (k + 1)-th block, with respect to the horizontal plane.
The normalisation condition for the state after the projection II reads:

P (k) = cos? 6, . (26)
Thus, by comparing Eqs. (23) and (26), one has:
cos? 6, = cos? (Y + A¢y) + 62 sin? (v, + Agy) . 27

Using both Eq. (27) and the definition of J;, we can derive ay, as a function of the parameters v, A¢y and 6.
Finally, to obtain the proper polarisation state |¢tk “ > we implement the rotation U (Sy), where Sy, is implicitly given by the
following relations:

+Adx
cos B, = 7”5(2(’; Py bi)
(28)
) 0 sin(Vr+Ad
= 00

Experimentally, we merged the rotations of subsequent half-wave plates by properly rotating a single one, reproducing their
combined effect.

Demonstration of the consistency of Eq. (28) solutions

Here we demonstrate that Eq. (28) has always solution, as a further validation of our method. Let us rewrite equation system
in Eq. (28) in the following way:

tan B = OtanT'y
(29)

cos 'y
cos B !

cos 0 =

with T'y, = v, + A¢y. While the first equation can always be solved, the second one has solution only for | cos T'x| < | cos Sg|-
To show that this condition is always satisfied, let us write:

=Tk —nm, n: ;e(—g,g}. (30)

Substituting it in Eq. (29), one obtains

tan B, = OtanT’,
(31)
cos Oy = (—1)n<xle

cos B ?

Assuming (3, € (—7%, 5], and considering that & € [0, 1], by taking the absolute value of both sides of the upper equation in
system (31) one has:

tan |B| = O tan [T} < tan || . (32)
Since tan ¢ is a monotone increasing function for ¢ € (-7, g], inequality (32) implies for 3;,I", € (=% g] (i.e. in our case):

1Bk] < |T%l. (33)
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If we take the absolute value of both sides of the bottom equation in system (31), this leads to write:

/
cosT',

cos B

!
_ sl (34)
cos | By

| cos x| =

where the last inequality follows from Eq. (33), considering that cos ¢ is non-negative for ¢ € (—7, 7] and decreasing for
¢ €(0,%).

By proving this inequality, we can state that both the equations present in Eq. (28) can always be solved, demonstrating the
robustness of our procedure and its corresponding experimental implementation.

ANALYSIS OF THE METHOD ROBUSTNESS WITH RESPECT TO A GENERAL UNITARY POLARIZATION NOISE
PROCESS

In the following, we will show the results of the numerical simulations performed by applying our noise sensing technique to
a more general noise model, i.e., an arbitrary unitary polarization noise process. Specifically, for each of the k-th time instant ¢,
of our protocol (k = 1, ..., N) we consider a generic rotation on a random axis of the Bloch sphere:

Us, (Adi) = I cos(A¢y) — i(iiy - &) sin(Agy,), (35)
being iy, = {ngk)7 nék), nék)} a unit vector in the Bloch sphere and & = {0, 0, 0, } the Pauli matrices vector. In this particular
scenario, the correlation coefficient C among the noise contributions (see Eq. (5)) is evaluated as the average scalar product

between the unit vectors determining the Bloch sphere axes of subsequent polarization rotations (the overline indicates the
averaging operation)

C = fgq1 - 1. (36)

For the sake of generality, instead of considering a polarization jump with fixed magnitude like in the theoretical model previ-
ously illustrated (i.e., putting |[A¢y| = A¢ = 4°), we also take into account a randomly varying rotation angle A¢y,. To have
a quantitative estimation of the reliability of our method against different levels of noise, we perform our analysis by randomly
choosing A¢y, within three different intervals, namely [A¢/2,3A¢/2], [0,2A¢] and [—A¢p, 3A¢), still maintaining the same
average rotation jump.

The simulations results are reported in Fig. 7 for the correlated case (C = 0.4), Fig. 8 for the uncorrelated case (C = 0) and
Fig. 9 for the anti-correlated case (C = —0.6). As expected, if we consider the general case of polarization rotations occurring
around a random axis of the Bloch sphere, but with a fixed amplitude A¢, we find a situation similar to what obtained in our
experiment. In fact, by comparing plots (b)-(d) of Fig. 3 with Fig. 7a, Fig. 8a and 9a, respectively, we can appreciate how,
both for the general case and the simplified model considered for our experiment, the QZE (AZE) can be observed in case of
(anti-)correlated noise, while the two data sets initially overlap for Markovian noise. The only noticeable difference between
the fixed and random axis polarization rotation is the slightly smaller separation between the orange and blue data sets for the
latter, due to the fact that, in each step, the polarization rotation component along the z-axis (the one on which we perform
our polarization measurements) is, of course, lesser or equal to the one of the former case. If we then randomize not just the
polarization rotation axis, but also the rotation amplitude A¢, plots (b)-(d) of Figs. 7-9 show us how the (anti-)Zeno dynamics,
although decreasing in magnitude as the A¢ values spectrum grows, can still be associated with (anti-)correlated noise. This
happens even for heavily fluctuating rotation amplitude, shown in Figs. 7d, 8d and 9d, in which the A¢ of each step can be
randomly chosen in the wide interval [—A¢, 3A¢)], including values even departing from the small A¢ scenario considered
for the experimentally tested model. By looking at these plots, we can appreciate the extreme robustness and reliability of our
method in identifying whether the polarization rotation noise present in our quantum channel is (anti-)correlated, even beyond

the small fluctuations limit. Furthermore, if we observe the behavior of the quantity APy (t;) = ﬁi{zo(tk) - Filzl (t1), being

??q:o (tx) and ??{21 (tx) the average probabilities of detecting a horizontally-polarized photon at the time instant ¢;, with or with-
out Zeno-like measurements, respectively, we can notice how this quantity could be the key to a quantitative estimation of both
the degree of correlation of the noise and the variability of its intensity (we leave this aspect to further investigations). Hence,
the results of our proof-of-principle experiment, although obtained considering a simplified polarization noise model, still hold
for the general case addressed by our numerical simulations.

These results point out that our diagnostic method can be extended to very general classes of noise. Anyway, the precise imple-
mentation of this scheme is demanded to future investigation.
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FIG. 7. Numerical simulations, obtained by averaging over 1000 simulated random sequences the quantity in Eq. (4), estimating the per-
formance of our QZE/AZE-based method for highlighting (anti-)correlated noise in the case of a random polarization rotation. Panels (a-d):
theoretical average probability Prr () to detect a horizontally-polarised single photon for correlated subsequent rotations in the whole Bloch
sphere (C = 0.4, evaluated following Eq. (36)), as a function of ¢;. The magnitude of each step rotation is A¢r = A¢p = 4° for plot (a),
like in our experimental implementation. In the remaining three plots, A¢y, is randomly chosen in the intervals [A¢/2,3A¢/2] (plot (b)),
[0,2A4] (plot (¢)), [—A¢, 3A¢] (plot (d)). The orange dots illustrate the behavior in the absence of measurement, while the case of Zeno-like
projective measurements is shown by the blue dots. The orange and blue lines indicate, respectively, the estimated statistical uncertainties on
the simulated data. The inset plots show the detail of the experimentally-investigated region t5, € [0, 7].
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