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I. MOTIVATION AND PRINCIPLES

PATHOS was conceived to develop radically new technol-
ogy for the sensing of bio-systems and in-vivo diagnos-
tics of biomedical conditions using hitherto unexploited
tools of unconventional complex-system dynamical con-
trol and information sampling/ processing. Knowledge
of the noise characteristics of these systems is important
for understanding and predicting their evolution. The
two main motivations for a detailed analysis of the noise
properties are (i) to develop techniques that reduce the
unwanted effect of the noise on the system of interest
[1–3] and (ii) to extract useful information about the en-
vironment that generates the noise [4–7].
This approach is proving is particularly useful in the con-
text of MRI, where the different relaxation times offer
the best option for contrast between different type of tis-
sue as well as for assessing the health status and physi-
ological properties of different tissues [8, 9] and in opti-
cally detected magneetic resonance (ODMR), as pointed
out in the project proposal. In the context of quantum
technologies, knowledge of the properties of the environ-
mental noise can be helpful for assessing and mitigating
its deleterious effect on the superposition states that are
the essential ingredients of most quantum technologies.
PATHOS specifically uses nitrogen-vacancy (NV) centers
in diamond as near quantum-limited sensors.
Modifying the spectral distribution can reduce the un-
wanted effects and extract useful information about the
environment [1, 4]. Suitable modulation schemes can also
generate back-action on the environment: The modu-
lated interaction drives not only the system, but equally
the environmental degrees of freedom. It can therefore be
used, e.g., to control nuclear spins that are coupled to an
electron spin via hyperfine interaction [10]. The modu-
lated hyperfine coupling can then be used to drive the nu-
clear spins, with a much higher efficiency than what can
be achieved by direct control via radio-frequency pulses
[11–14] . Modulation can be pulsed such as dynamical
decoupling (DD) [1] or continuous control fields [15, 16].
In this review, we focus the DD scheme.

II. EVOLUTION AND DEPHASING

The basic concept of noise spectroscopy has two actors:
the system, probe or sensor that is used for the monitor-
ing and an environment that is the source of the noise.
In the following, we will make the assumption that we

have complete control over the system degrees of free-
dom but only limited or no control over the environment.
While any quantum mechanical system can be used as
the probe, we will focus here on the simplest type, i.e., a
two-level system, often known as a qubit or a (pseudo-)
spin 1/2. Other options include multiple qubits, higher
spins (e.g. spin 1 or spin 3/2) or harmonic oscillators [7].

A. System and operators

We first consider a quantum system with a static Hamil-
tonian that interacts with its environment. The total
Hamiltonian of the system and the environment can be
represented as [1, 17]

H = HS +HE +HSE . (1)

Here HS is the static or natural Hamiltonian of the sys-
tem of interest HE and HSE are refer to the environment
and the system-environment interaction with

HSE =
∑
j

djAj ⊗Bj (2)

where dj is the coupling constant for the term with index
j and Aj and Bj are operators acting on the system and
the environment.
Since system and environment are independent degrees
of freedom, the corresponding operators commute:

[HS ,HE ] = [Aj , Bk] = 0

for all j, k.

B. Time dependence

Here, we consider the time dependence of an operator A
acting on the system degrees of freedom. The full time
dependence can be evaluated in two stages: the evolution
under the system Hamiltonian HS and the additional
evolution under the system-environment operator HSE .
The first part can formally be written as

A(t) = US(t)A(0)U†S(t), (3)

where US(t) = e−iHSt and we have used the assumption
that the system operator HS is time-independent.
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In addition to the evolution under the system Hamilto-
nian, the interaction with the environment makes a con-
tribution. For a static coupling operator HSE alone, this
can be taken into account by an additional term in equa-
tion (3). However, since HSE depends on bath- as well
as systems degrees of freedom, it generates a time evo-
lution of system operators like A that is not confined to
the Hilbert space of the system: e−iHtAeit is in general
no longer a pure system operator, but it includes envi-
ronmental degrees of freedom. For simplicity, one usually
disregards the environmental degrees of freedom by tak-
ing the trace over the Hilbert space of the environment.
This results in general in a non-unitary evolution with
increasing entropy in the system density operator.
However, real environments are never completely static,
and the time-dependence of the system-environment in-
teraction is the main concern in this context. It is in
general possible to distinguish two contributions to the
time-dependence: through classical random variables like
the position of a molecule and through evolution under
the Hamiltonian. The latter can be taken into account by
working in an interaction representation with respect to
the main Hamiltonians HS+HE . In this representation,
the coupling operator acquires the time dependence

HiSE(t) = e−i(HS+HE)tHSEei(HS+HE)t. (4)

The time dependence of the classical variables can usu-
ally be brought into the form of time-dependent coupling
constants dj(t) in equation (2). This type of time depen-
dence occurs through processes that are not represented
by the HamiltonianHE . Typical examples are the molec-
ular motion in liquids, which modulates the distance be-
tween different spins and therefore the dipolar coupling
constants between them or, in the case of charged qubits,
the Coulomb interaction.
In most cases (and all cases that we consider here), it is
possible and useful to combine the two sources of time
dependence by tracing over the environmental degrees of
freedom and only considering an effective random field

δ(t) =
∑
j

dj(t)
〈Bj(t)|Bj(0)〉
〈Bj(0)|Bj(0)〉

, (5)

which combines the classical time dependence dj(t) with
the quantum-mechanical time dependence of the bath
operators Bj(t). This is known as the semiclassical ap-
proach.
The time-dependence can also be generated artificially,
e.g. by ancilla qubits that serve as a model environment
[18].

C. Dephasing by random environment

Relaxation processes driven by environmental noise were
first discussed in 1947 by Bloembergen, Purcell and
Pound [19, 20]. A general theory of relaxation processes
was introduced in 1957 by Redfield [17]. While this was

initially developed and tested for nuclear spin systems,
it soon became clear that the basic physics are the same
for other quantum systems, in particular for all types of
2-level systems [21] or qubits.
We consider first the most relevant and relatively simple
case where the external noise commutes with the static
system Hamiltonian and acts independently on the in-
dividual qubits of the system. This corresponds to the
case of pure dephasing, where the populations of the sys-
tem remain constant. As discussed above, the time de-
pendence of the system-bath coupling can then be sum-
marised as

HSE =
∑
j

δj(t)Sz,j (6)

where δj is the coupling strength acting on the
z−component of qubit j and we choose the z-axis as the
quantization axis of the system.
In the case of a single qubit, we describe the system by
the density operator ρ, which we expand in terms of the
spin operators Sα, α = (x, y, z):

ρ(t) =
1

2
1 + x(t)Sx + y(t)Sy + z(t)Sz.

The random perturbation therefore adds a phase factor

eiϕ(t) = ei
∫ t
0
δ(τ) dτ

to the off-diagonal elements. If the mean of the random
perturbation vanishes and we work in an interaction rep-
resentation that removes the evolution under the system
Hamiltonian, the coefficients x(t) and y(t) decay as

x(t)

x(0)
=
y(t)

y(0)
= 〈cosϕ(t)〉.

If the memory time of the environment is shorter than the
time scale over which the system dephases, it is sufficient
to expand the cosine to second order,

〈cosϕ(t)〉 = 1− 1

2
〈ϕ2(t)〉+ . . .

= 1− 1

2
〈
(∫ t

0

δ(τ) dτ

)2

〉. (7)

The evolution of the phase ϕ(t) =
∫ t
0
δ(τ) dτ is typically

a diffusion-like process whose mean square 〈ϕ2(t)〉 in-
creases linearly in time as

〈ϕ2(t)〉 = 〈δ2〉
√
πτct. (8)

Here, 〈δ2〉 is the mean square of the noise and τc its
correlation time.
Figure 1 illustrates this behaviour with a numerical sim-
ulation of the evolution of the qubit phase for 10 different
randomly generated noise traces. Each noise trace was
generated by a pseudo-random generator, with a band-
width of 1, an rms noise amplitude δrms =

√
〈δ2〉 = 0.355
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FIG. 1: Left: Evolution of the qubit phase ϕ(t) for 10 different
randomly generated noise traces with a bandwidth of 1, re-
sulting in an rms noise amplitude δrms =

√
〈δ2〉 = 0.355 in ar-

bitrary units and a correlation time τc =
√

2/π ≈ 0.45, also in
arbitrary units. Right: Evolution of the mean square 〈ϕ2(t)〉
of the phase. The circles were obtained by averaging over 100
different randomly generated noise traces with a bandwidth
of 0.5, an rms noise amplitude δrms =

√
〈δ2〉 = 0.25, and a

correlation time τc ≈ 0.9, all in arbitrary units. The straight
line has the theoretical slope of 0.1.

and a correlation time τc =
√

2/π ≈ 0.45, all in arbi-
trary units. The range of phases in the ensemble in-
creases roughly with the square root of time. This is
shown more clearly in the right-hand part of Fig. 1,
where the points represent the mean square 〈ϕ2(t)〉 of the
phase as a function of time. The circles were obtained
by averaging over 100 different randomly generated noise
traces with a bandwidth of 0.5, an rms noise amplitude
δrms =

√
〈δ2〉 = 0.25, and a correlation time τc ≈ 0.9,

all in arbitrary units. They are compared to a straight
line with the theoretical slope 0.1.
In the limit of short correlation time τc of the environ-
ment that we consider here, the decay of the coherence
per unit time is constant and therefore the overall decay
follows an exponential,

x(t)

x(0)
=
y(t)

y(0)
= 〈cosϕ(t)〉 = e−t/T2 . (9)

Comparing eqs (7) and (9) for short times, t � T2, we
find

T2 =
2t

〈
(∫ t

0
δ(τ) dτ

)2
〉
. (10)

Using (8) we obtain

T2 =
2

〈δ2〉
√
πτc

.

Figure 2 illustrates this with a numerical example with
δrms =

√
〈δ2〉 = 0.355 and τc =

√
2/π ≈ 0.45 in arbi-

trary units. They are compared to an exponential decay
with the expected decay time of T2 = 20.

III. REFOCUSING

As discussed above, noise tends to degrade the informa-
tion contained in the quantum system. On the other
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FIG. 2: Decay of the coherence x(t)/x(0) calculated by av-
eraging over 100 noise traces. The simulated points (blue
circles) are compared to the exponential decay with a time
constant T2 = 20.

hand, it is also a very important source of information
about the environment [22, 23]. Being able to control it,
e.g. to minimise it or to suppress specific parts of it, is
therefore an important goal for a diverse range of fields
[1, 4, 24–27]. In this chapter we first discuss the basic
properties of refocusing, while the following chapter will
focus on techniques that are more selective for specific
components of the noise.

A. Echoes

Section II C provided a discussion of the dephasing due
to environmental noise, as it occurs in any quantum me-
chanical system. This behavior can be modified by ad-
ditional control fields that interact with the system and
/ or the environment. A typical case of a control field
acting on the environment is that of heteronuclear de-
coupling used in NMR [25, 26, 28, 29]. Here, we focus on
systems where the environment can not be controlled, so
the control operations can only act on the system degrees
of freedom.
A relatively simple and very common scheme for modi-
fying the system-environment interaction by operations
on the system is to apply a so-called refocusing-pulse to
the system. The earliest example of this case is the spin-
echo, which was first observed by Erwin Hahn [30] and
quickly extended to other systems, such as optical tran-
sitions [31], where it is known as a photon echo.
Figure 3 shows schematically the pulse sequence and the
evolution of the system for the generic case of a time-
independent perturbation given by the Hamiltonian

HSE = δSz.

As discussed in section II, this interaction multiplies the
coherence of the qubit by the phase factor

eiϕ(τ) = ei
∫ τ
0
δ(t) dt

during an evolution of duration τ . An ideal refocusing
pulse applied at time τ transforms the density operator
as

ρ(τ+) = eiπSyρ(τ−)e−iπSy ,



4

π/2 π

Time

RF
Ph

as
e

Time

τ τ

Time

1

-1

f(t)

FIG. 3: Top: pulse sequence for refocusing coherence. The
blue and red arrows indicate the evolution of coherence pack-
ages in different environments in the xy-plane. The second
trace shows the corresponding phase as a function of time.
The third trace shows the modulation function f(t) as a func-
tion of time.

which corresponds to an inversion of the phase, ϕ(τ+) =
−ϕ(τ−). Here, τ− and τ+ represent the state of the
system immediately before and after the refocusing pulse
which is approximated here by an ideal δ-function.
After the refocusing pulse, the system evolves under
the same Hamiltonian and therefore acquires additional
phase at the same rate. The total acquired phase at time
2τ can then be written as

ϕ(2τ) = −
∫ 2τ

0

f(t) δ(t) dt,

where f(t) is the sign modulation function Suter and

Álvarez [1], Kofman and Kurizki [32] that tracks the effec-
tive coupling strength through the sequence. For an ideal
δ-function refocusing pulse, the sign modulation function
of the Hahn echo is

f(t) =

{
+1

−1

0 ≤ t ≤ τ
τ ≤ t ≤ 2τ

,

as shown in the bottom part of fig. 3.
Figure 3 tracks this behavior for a static environment,
where δ is constant in time, for two different values of
δ, marked by the red and blue lines. Both lines meet
at ϕ(2τ) = 0, indicating that the resulting phase is in-
dependent of the specific state of the environment. Ac-
cordingly, while the evolution depends on the state of
the environment, the final state of the system at t = 2τ
does not. If we average over many realisations of the
environment (either by repeating the experiment or by
working with ensembles), the average coherence of the

system reaches a maximum at this point, as evidenced
by the echo at t = 2τ .
Another way of describing the evolution is to transform
the Hamiltonian into the “toggling-frame” representation
[33–35], where the Hamiltonian is

H̃(t) = U−1(t)HU(t)

and the transformation operator

U(t) = T exp[−i
∫ t

0

Hc(t′)dt′].

Here, T is the Dyson time-ordering operator and Hc
is the control Hamiltonian generating the refocusing
pulse(s).

B. Fluctuating environment

For a static environment, such echo experiments with an
ideal inversion pulse can completely refocus the dephas-
ing due to the environment. This is no longer the case
when the environment changes before the echo is formed.
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FIG. 4: Incomplete echo formation in a slowly time-dependent
environment. The top trace shows the pulse sequence, the sec-
ond trace the slowly varying noise field for 10 different random
environments, the third trace the evolution of the phase ϕ(t)
of the qubit for the same realisations of the environment, and
the bottom the coherence 〈cosϕ(t)〉, averaged over 1000 ran-
dom, time-dependent environments.

Figure 4 illustrates this case with a numerical example:
Since each realisation of the noisy environment varies
with time, the slope of the phase versus time is not con-
stant and the accumulated phase at t = 2τ is not zero.
As a consequence, the echo signal is smaller than the
initial coherence. For this example, an RMS noise of
δRMS =

√
〈δ2〉 = 0.008 was used, with τc=56.
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For a more quantitative analysis, we start with the as-
sumptions of sec. II C, and calculate the evolution of the

phase ϕ(t) =
∫ t
0
δ(τ) dτ under the effect of the modulated

noise δ′(τ) = δ(τ)f(τ) up until the time τE of the echo
as

ϕ(τE) =

∫ τE

0

δ′(τ) dτ

= −
∫ τE/2

0

δ(t) dt+

∫ τE

τE/2

δ(t) dt. (11)

As in section II, its average vanishes, 〈ϕ〉 = 0, but the
variance 〈ϕ2〉 is nonzero.
A useful way of evaluating the integral consists in decom-
posing the noise into a Fourier series:

δ(t) =
δ0
2

+

∞∑
k=1

(ak cos
k 2π t

τE
+ bk sin

k 2π t

τE
)

≈ δ(0) + a1 cos
2π tt

τE
+ b1 sin

2π t

τE
,

which can be terminated after the first order term for
slowly varying noise. This will be a good approximation
for τc > τE , which is the condition for an effective re-
focusing. At the same time, it represents the minimal
spectral decomposition of the noise.
Inserting this Fourier series into (11), we get

ϕ(τE) = −
∫ τE/2

0

δ(t) dt+

∫ τE

τE/2

δ(t) dt.

= −2b1
τE
π
.

So the remaining phase is directly proportional to the
coefficient b1 of the Fourier series. Within this approxi-
mation, the variance becomes

〈ϕ2(τE)〉 =
4

π2
〈b21〉τ2E ,

i.e., the even terms (constant and cos) are refocused, but
the odd (sin) term remains. For the range of validity,
where 〈ϕ2〉 � 1, the attenuation of the echo is then

〈cosϕ(τE)〉 = 1− 1

2
〈ϕ2(τE)〉

= 1− 2

π2
〈b21〉τ2E .

Clearly, this does not correspond to an exponential decay,
but for short times it can be compared to a Gaußian,

〈cosϕ(t)〉 = 1− 2

π2
〈b21〉τ2E = e−τ

2
E/T

2
2 ≈ 1− τ2E

T 2
2

,

which yields

T2 =
π√
2

√
〈b21〉.
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〈ϕ2〉 vs. b1. The fit shows

√
〈ϕ2〉 = 126 b1.

Figure 5 shows a numerical test for an echo time τE =
200. We therefore expect√

〈ϕ2〉 =
4

π2
τ2Eb1 ≈ 127 b1

in excellent agreement with the fit.
Since the echo amplitude decreases quadratically with τE
and with the noise amplitude b1 at 2π

τE
, which increases

with τE , the echo amplitude decreases much more rapidly
with increasing pulse separation than in the case of free
precession.

〈cosϕ(t)〉 = 1− 2

π2
〈b21〉τ2E = 1− 2

π2
δ20τ

2
Ee
−16π2/(b2τ2

E)

= e−τ
2
E/T

2
2 ≈ 1− τ2E

T 2
2

.

In the range of validity 〈b21〉τ2E � 1, the decay of the
coherence matches that of a Gaußian. We therefore de-
scribe the later decay with a Gaußian, with

T2 =
π√
2〈b21〉

,

which has the same behaviour in the short-time limit.
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FIG. 6: Simulated decay of the Hahn-echo in a fluctuating
environment.
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Figure 6 shows how the echo amplitude changes with the
time from the initial excitation to the echo. The trace
was simulated by generating noise traces and calculating
the evolution during the Hahn echo experiment for every
trace and adding the results. It also shows that the echoe
does not decay exponentially with the echo time but has
initially a very slow decay.

C. Multiple echo sequences (CPMG)

As shown in Fig. 6, the refocusing efficiency drops when
the refocusing pulse is applied after a time that is compa-
rable or bigger than the correlation time of the environ-
mental noise. Preserving coherence for longer times can
therefore only be achieved if the refocusing is repeated,
using a series of refocusing pulses with delays that are
short compared to the correlation time τc of the environ-
ment, τ � τc. This scheme was introduced in magnetic
resonance by Carr and Purcell [36] and later modified
by Meiboom and Gill [37]. In the context of quantum
information processing, it became known as dynamical
decoupling [38].
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FIG. 7: A simple dynamical decoupling sequence with 2 refo-
cusing pulses, together with the switch function f(t) for ideal
and for finite refocusing pulses.

Figure 7 illustrates this for the simplest cyclic DD se-
quence, consisting of two π pulses. Figure 8 shows an
experimentally measured sequence of nuclear spin echoes
during a CPMG sequence.
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FIG. 8: Nuclear spin magnetisation during a CPMG sequence.

In the case of the single spin echo, the dominant de-
cay mechanism was due to the Fourier component of the
noise whose period is equal to the duration τE of the
sequence. In the case of multiple echoes, it is still possi-
ble to identify specific frequency components in the noise
that make the dominant contribution. The relevant com-
ponents can be calculated from the Fourier transform of
the pulse sequence. Using again eq. (7) to calculate the
echo amplitude,

〈cosϕ(t)〉 ≈ 1− 1

2
〈
(∫ t

0

δ′(τ) dτ

)2

〉,

but using the effective noise δ′(τ) = δ(τ)f(τ). Since δ(τ)
is a random process, so are δ′(τ) and its integral. On
average, δ′2(τ) does not depend on τ, i.e. we can assign
it a mean value 〈δ′2(τ)〉 = δ′rms

2, which also corresponds
to the maximum of the correlation function

G(t1, t2) = δ(t1)δ(t2),

where we have assumed that δ is real-valued, depends
only on the difference τ = t2 − t1 and is symmetric in
time: G(τ) = G(−τ).
The Fourier transform of the correlation function is the
power spectral density

J(ω) =

∫ ∞
−∞

G(τ)e−iωτdτ.

Therefore the rms value of the noise is given by the inte-
grated power spectral density

δ′rms
2 =

∫ ∞
−∞

J(ω)dω.

This makes it possible to write the the variance of the
phase as

〈ϕ2(T )〉 =
√

2π

∫ ∞
−∞
|F (ω, T )|2J(ω)dω,

where J(ω) is the spectral density of the (unmodulated)
environment and F (ω, T ) is the finite time Fourier trans-
form of the switching function from the excitation pulse
at t = 0 to the endo of the echo sequence at t = T .
This forms the basis of the spectral filter approach to be
discussed in the following section.

IV. SPECTRAL FILTERS

A. Free precession and echoes

In this section, we consider filters for noise, i.e., effects
of experimental techniques that modulate the interac-
tion between system and environment by generating ef-
fective filter functions F (ω, T ) - either for reducing de-
coherence, i.e. maximizing 〈ϕ2(T )〉, or for spectral anal-
ysis, to probe J(ω). The term “filter” compares this
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frequency-dependent attenuation of the noise to electri-
cal filter theory [39]. The filters can be present in the
system naturally, or they can be imposed by external
controls.
The simplest case is that of free precession. Using the
rotating frame, where only the effect of the noise has to
be considered, the time-domain filter function is equal to
unity for all times. The frequency domain filter function
becomes therefore

FFID(ω, T ) = sin2(ωT/2).

For the Hahn-echo, the filter function is

FHahn(ω, T ) = |1− 2eiωT/2 + eiωT |2.

At low frequency, ωT ≈ 0, FHahn(ωT ) ≈ 0, meaning
that the Hahn-echo can refocus low frequency compo-
nents completely.

Frequency [1/2 ]τ
0 2 4 6

|F
(
)|2 ν Hahn

CPMG-4

CPMG-10

FIG. 9: Filter functions for different echo sequences.

Next we consider a sequence of N ideal inversion pulses,
separated by delays τ , which is known as the Carr-Purcell
[36] or CPMG [37] sequence in magnetic resonance or dy-
namical decoupling (DD) sequence [38] in quantum infor-
mation. Figure 9 shows the corresponding filter functions
for a Hahn echo and for CPMG sequences with 4 and
10 refocusing pulses. The delay between the refocusing
pulses is 2τ .

B. Population-relaxation

The simplest version of a noise filter is obtained if one
considers equilibration of populations through relaxation,
rather than the dephasing of coherence. This process
was first described by Einstein in his quantum theory
of radiation [40] and for nuclear spins by Bloembergen,
Purcell and Pound [19, 20], with more details given, e.g.,
in Refs [17, 41].
The case of population relaxation can be obtained from
eq. (4) by considering coupling operators HSE that do
not commute with the system Hamiltonian HS . For the
generic case of a single qubit, where HS = −ω0Sz,we
can then choose HSE = Sx

∑
j dj(t)Bj , using the same

notation as in section II: the time dependence of the

coupling strength refers to the classical variables like the
position and orientation of the molecule, while the time
dependence of the bath operators are determined by the
evolution under the bath Hamiltonian HE . Eq. (4) can
then be written as

HiSE(t) = δ(t)(Sx cosω0t− Sy cosω0t),

where δ(t) is defined in eq. (5) and we have chosen the
x-axis to point along the perturbation. With this inter-
action, the transition rate becomes

r =

∫ t

0

〈δ(0)δ(τ)〉 cosω0τ dτ.

In all relevant cases of population relaxation, the time
scale over which the system changes appreciably is long
compared to the correlation time τc over which the cor-
relation function 〈δ(0)δ(τ)〉 decays to zero. It is then
permissible to extend the upper limit of the integral to
infinity, which turns the integral into a Fourier trans-
form. The decay rate T−11 of the population difference is
therefore also given by the power spectral density, but in
contrast to the case of pure dephasing, it’s value has to
be evaluated at the transition frequency ω0:

1

T1
=

∫ ∞
0

〈δ(0)δ(τ)〉 cosω0τ dτ, (12)

in agreement with [19, 20]. The filter function is therefore
a delta function at the transition frequency.
This important and very general result has a very simple
physical interpretation: The system is a (very narrow-
band) filter for the noise, it only responds to the com-
ponent at the transition frequency, which is related to
the energy difference between the two system levels by
Bohr’s resonance condition, ∆E = ~ω0. For the typical
case where the correlation function of δ(t) decays expo-
nentially with characteristic time τc, this results in

1

T1
= 〈δ2〉 1

1 + ω2
0τ

2
c

.

single spin 1/2 single spin 1

-½

½
S2

x , … Sx, Sy

Sx, Sy

Sx, Sy

2 spins 1/2

S1
x , S1

y

-1

0

1

-1

0

1
S2

x , S2
y

S1
x , S1

y
S2

x , S2
y

S1
x S2

x …

FIG. 10: Level schemes and transitions relevant for energy
relaxation in these systems.

In systems consisting of more than 1 qubits / spins, relax-
ation can occur through different pathways at different
rates. Figure 10 shows, as examples, the relevant level
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schemes for a single spin 1/2, a single spin 1 and a pair of
spins S = 1/2. In each case, the transitions that can be
induced by external noise sources are marked with dou-
ble arrows and labelled with some of the system operators
to which they couple. The relevant transition frequencies
are either the Larmor frequency ω0 or an integer (0, 2)
multiple of the Larmor frequency. In all these cases, the
energy level splitting (which is mostly due to the Zeeman
interaction with the magnetic field) acts as a filter for the
external noise: only components that fluctuate at inte-
ger multiples of the Larmor frequency have a significant
effect.
This is often used to probe the spectral characteristics of
noise by comparing relaxation rates at different magnetic
field strengths [42, 43]. It can be extended to small fields
by varying the magnetic field, which is known as field cy-
cling [42], but also by measuring the relaxation time T1ρ
in the rotating frame (see section ??), where the relevant
frequency is the Rabi frequency rather than the Larmor
frequency [34, 44]. This approach makes the frequency
range below 1 MHz accessible for experimental studies
and requires only easily accessible instrumental capabil-
ities. The filter function for these experiments can be
written as

Fρ(ω;T ) =
sin2[(ω − ω1)T/2]

2πT (ω − ω1)2
. (13)

C. Molecular diffusion

Molecular diffusion in a gradient can also be treated as a
noisy environment [45–47]. In this case, displacement
spectral density S(ω) is the Fourier transform of the
velocity-autocorrelation function,

Sd(ω) =
D0τ

2
c

π(1 + ω2τ2c )
=

∫ ∞
−∞
〈v(0)v(t)〉e−iωtdt. (14)

Measurements use either time-dependent gradient pulses
or they combine static gradient fields with refocusing
pulses. The resulting filter function is

Ft(ω) =
1

2π

∣∣∣∣∫ t

0

dt
′
G(t

′
)e−iωt

′
∣∣∣∣2

and G(t) is the field gradient modulated with the refo-
cusing sequence.

Figure 11 compares the spectral density function 14 of a
typical molecular diffusion process to the filter functions
of various diffusion-weighting experiments. The resulting
signal can be calculated from the comparison of different
echo experiments. Optimising the parameters for these
experiments allows very high-resolution k-sapce imaging
[9], e.g. of human tissue. which maximises the diagnos-
tic value of such experiments for a number of clinically
relevant conditions. Additional details can be found in
[9], which was published by partners from the PATHOS
project. The optimisation of this approach is currently

Frequency [kHz]

S(ω)

In
te

ns
ity

 (a
rb

. u
ni

ts
)

-1.0 -0.5 0 0.5 1.0

4 ms

2 ms

3 ms

FIG. 11: Overlap of Ft(ω) with S(ω) (center) for gradient
durations from 2 to 4 ms.

being explored by all partners of PATHOS, particularly
in the WPs 2 and 3.
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